We analyze systematic ͑classical͒ and fundamental ͑quantum͒ limitations of the sensitivity of optical magnetometers resulting from ac Stark shifts. We show that in contrast to absorption-based techniques, the signal reduction associated with classical broadening can be compensated in magnetometers based on phase measurements using electromagnetically induced transparency ͑EIT͒. However due to ac Stark-associated quantum noise the signal-to-noise ratio of EIT-based magnetometers attains a maximum value at a certain laser intensity. This value is independent on the quantum statistics of the light and defines a standard quantum limit of sensitivity. We demonstrate that an EIT-based optical magnetometer in Faraday configuration is the best candidate to achieve the highest sensitivity of magnetic-field detection and give a detailed analysis of such a device.
I. INTRODUCTION
The detection of magnetic fields by optical means is a well developed technique with applications ranging from geology and medicine ͓1͔ to fundamental tests of violations of parity and time-reversal symmetry ͓2͔.
In spite of their great variety, optical magnetometers can be divided in two basic classes. In the first class light absorption at a magnetic resonance is used to detect Zeeman level shifts, while the second class makes use of the associated changes of the index of refraction. So-called optical pumping magnetometer ͑OPM͒ ͓1͔ as well as dark-state magnetometers based on absorption measurements ͓3͔ belong to the first class. The recently developed magnetometers based on phase-coherent atomic media ͓4,5͔ and the mean-field laser magnetometer of Ref. ͓6͔ belong to the second class.
If systematic measurement errors can be avoided, which in practice can be a challenging task, the smallest detectable Zeeman shift ͑in units of frequency͒ is determined by the ratio of the noise level of the signal S to its rate of change with respect to frequency ⌬ min ϭ S noise ͉dS/d͉ . ͑1͒
A fundamental lower limit of S noise results from photon counting errors due to shot noise of the probe electromagnetic wave. (dS/d) Ϫ1 , which characterizes a ''quality factor'' of the system, is determined by an effective width of the magnetic resonance. The ultimate goal of magnetometer design is to minimize the noise level and the effective width at the same time.
The width of magnetic resonances in optical magnetometers is subject to two types of broadening: resonant power broadening due to the coupling of the optical fields to the probe transition and a broadening due to ac Stark shifts resulting from nonresonant couplings to other transitions. As shown in ͓4͔ and ͓5͔ power broadening limits the simultaneous minimization of noise and (dS/d) Ϫ1 in absorptionbased magnetometers. In such devices increasing the probe laser power reduces the shot noise but does reduce the signal at the same time. As a consequence the sensitivity saturates at a rather low power level. On the other hand, as shown in ͓4͔ and ͓5͔, this effect can be compensated in a magnetometer that detects phase shifts of the probe electromagnetic wave propagating in an optically thick atomic medium under conditions of electromagnetically induced transparency ͑EIT͒ ͓7͔. Theoretically a complete elimination is possible in a three-level ⌳-type system. In any real atomic system, however, there are nonresonant couplings to additional levels which lead to ac Stark shifts and an additional broadening of the magnetic resonance proportional to the laser intensity. In the present paper we analyze the influence of ac Stark shifts and show that they ͑i͒ can diminish the magnetometer signal and ͑ii͒ lead to additional noise contributions. We show that in absorption-based devices ac Stark broadening leads to a further reduction of the signal. In contrast it only gives rise to a bias phase shift in an phase-sensitive EIT magnetometer. This bias phase shift can be calibrated but is still a major source of systematic errors. It can be eliminated if an EIT magnetometer with Faraday configuration is considered.
However, in both, absorptive-and dispersive-type devices, ac Stark shifts also give rise to fundamental noise contributions, which increase with the laser power more rapidly than shot noise. Hence the magnetometer sensitivity decreases above a certain power level. The maximum value of sensitivity constitutes the standard quantum limit. For an EIT magnetometer based on phase-shift measurements this limit is determined by the dispersion-absorption ratio of the medium and the intensity-phase noise coupling due to the selfphase modulation associated with ac Stark shifts.
We also discuss the possibility of further increasing the sensitivity by means of nonclassical light fields and show that the maximum sensitivity is essentially independent of the light statistics.
The paper is organized as follows: In Sec. II we discuss the fundamental broadening mechanisms of magnetic reso-nances, power broadening, and ac Stark-associated broadenings. It is shown in Sec. III that the classical signal reduction due to these broadenings can be compensated in phasesensitive EIT magnetometers in contrast to absorption-based techniques. In Sec. IV fundamental quantum noise sources are discussed and the standard quantum limit of magnetometer sensitivity derived. A detailed analysis of an EIT-Faraday magnetometer is given in Sec. V and the prospects of using nonclassical input states are discussed.
II. BROADENING OF MAGNETIC RESONANCES
Optical magnetometers measure in essence the position of certain resonances that are sensitive to magnetic level shifts. An important quantity that determines the signal strength of such a measurement is the width of the magnetic resonance. As a rule the narrower the resonance, the easier it is to detect level shifts.
Magnetic resonances with small natural width can be obtained, e.g., by coupling Zeeman or hyperfine components of ground states in atoms either with an RF field or via an optical Raman transition. In an optical magnetometer these ground-state sublevels are then coupled by laser fields to excited atomic states. The optical coupling is also used to detect energy shifts of the ground-state sublevels induced by a magnetic field. However, at the same time this coupling leads to a broadening of the magnetic resonances via two mechanisms: ͑i͒ power broadening and ͑ii͒ broadening due to ac Stark shifts.
A. Power broadening
The first mechanism is power broadening due to the resonant interaction with the probe transition. When the Rabi frequency ⍀ of the optical probe field exceeds the value
where ␥ 0 is the unbroadened width of the magnetic resonance and ␥ the homogeneous linewidth of the optical transition, the magnetic resonance becomes power broadened. ͑Here and below we assume that ␥ӷ␥ 0 .͒ The effective width scales linearly with the Rabi frequency ⍀ of the optical field or the square root of the corresponding power
␣ is some numerical prefactor of order unity that depends on the specific model ͓5,9͔. This broadening effect leads to a substantial limitation of the signal in an optical pumping magnetometer, as shown in ͓5͔ and ͓9͔.
B. Broadening due to ac Stark shifts
The second broadening mechanism is due to nonresonant couplings of the probe electromagnetic wave with other than the probe transition and the associated ac Stark shifts. The ac Stark effect leads to a shift of the magnetic resonance of
where ⌬ 0 is some effective detuning of nonresonant transitions from the frequency of the probe field weighted with relative oscillator strengths. ⍀ is again the Rabi frequency of the probe field corresponding to the resonant probe transition. (⌬ 0 is of course just a model-dependent coupling parameter. We have used this notation here for simplicity of the discussions.͒ In the classical limit and for a homogeneous laser intensity throughout the atomic vapor, there is only a constant frequency shift due to the ac Stark effect. This shift can be calibrated. However, maximum signal is usually achieved when the atomic density is chosen such that there is a substantial absorption of the probe field. Hence when the probe Rabi frequency exceeds the value
the resonance frequency changes as a function of propagation through the medium. This leads to an effective inhomogeneous broadening of the magnetic resonance. For example, the transmission of a cell containing atoms with a Lorentzian magnetic resonance subject to ac Stark shifts is determined by the integrated imaginary part of the susceptibility (Љ ϭIm͓͔)
͉⍀(z)͉ 2 characterizes the z-dependent power of the probe field and ⌬ the detuning from the unshifted transition frequency. It is easy to see that there is a broadening of the magnetic resonance depending on the magnitude of the ac Stark shifts and the details of the absorption process. An important feature is that this broadening is proportional to the square of the Rabi frequency or the laser power. Thus above a certain power level, determined by Eq. ͑5͒ ac Starkassociated broadening can exceed power broadening, which leads, e.g., to further reduction of the signal in an optical pumping magnetometer.
III. COMPENSATION OF BROADENING EFFECTS IN EIT MAGNETOMETER
We here demonstrate that the classical broadening mechanisms discussed in the previous section do not necessarily lead to a reduction of the magnetometer signal if phase measurement techniques are used. It has been shown in detail in ͓5͔ and ͓8͔ that power broadening can be completely compensated in a phase measurement by making use of EIT in optically dense ⌳-type systems.
The three-level ⌳ configuration of an EIT magnetometer as well as the associated linear susceptibility spectrum of the probe field are shown in Fig. 1 . Here and in the following we consider closed systems, i.e., we assume that there are no effective decay mechanisms due to time-of-flight limitations. The upper level of the probe field transition ͉a͘↔͉b͘ is coupled to a metastable lower level ͉c͘ by a coherent and strong driving field of Rabi frequency ⍀ d . The probe field Rabi frequency is denoted as ⍀ p (⍀ p Ӷ⍀ d ) and the coherence decay rate of the probe transition as ␥. ⌬ is the onephoton detuning of the drive field and ␦ the two-photon detuning. The transverse decay rate of the two-photon resonance ͑magnetic resonance͒ is denoted as ␥ 0 . It is assumed that the corresponding population exchange between the ground-state sublevels is small and will be neglected.
As in the case of an OPM there is power broadening in an EIT magnetometer as soon as ͉⍀ d ͉Ͼͱ␥␥ 0 . A unique property of an EIT resonance is however that the dispersionabsorption ratio of the optical transition is given by the inverse of the width of the ground-state transition ␥ 0 and is independent on the drive power if ͉⍀ d ͉Ͼͱ␥␥ 0 . Under conditions of one-photon resonance (⌬ϭ0) one finds for small two-photon detuning
The residual absorption at the EIT resonance decreases with increasing laser power in the same way as the dispersion. Thus in a phase-shift measurement power broadening can be compensated by increasing the density and keeping a constant optical depth of the medium.
Similarly one finds that as long as the drive-field Rabi frequency is large compared to probe-induced ac Stark shifts, which is very well satisfied, ac Stark shifts of the magnetic resonance ͓Eq. ͑4͔͒ lead only to a bias phase shift
where L is the length of the atomic vapor cell. This phase shift can in principle be calibrated but gives rise to systematic errors. As will be discussed in detail later on, there is no such bias phase shift in a resonant Faraday configuration. We conclude this section by emphasizing that in phasedetection schemes based on EIT the detrimental ͑classical͒ effects of power broadening and ac Stark-associated broadening are eliminated. In the following section we will discuss the fundamental quantum-noise sources of such magnetometer schemes.
IV. QUANTUM-NOISE LIMIT OF MAGNETIC-FIELD DETECTION VIA OPTICAL PHASE SHIFTS IN THE PRESENCE OF AC STARK EFFECTS
The problem of sensitive detection of phase shifts is common in optics. On the quantum level, the sensitivity of such kind of measurements is restricted by ͑i͒ vacuum fluctuations in the system and ͑ii͒ self-action noise due to nonlinearities in the system, as, for example, caused by ac Stark shifts. The simultaneous presence of both noises usually leads to an absolute limit of the sensitivity.
Let us discuss this problem for the particular case of optical magnetometry based on phase-shift measurements in an atomic medium. The ultimate limit for the smallest detectable phase shift is set by the generalized uncertainty relation ͓10͔ between phase ⌬ϵϪ͗͘ ͓11͔ and photon-number fluctuations ⌬nϵnϪ͗n͘ of the output field
where ͕ ͖ denotes the anticommutator. If phase-and photonnumber fluctuations are uncorrelated, the second term on the right-hand side ͑r.h.s.͒ vanishes and one recovers the familiar Heisenberg relation. In any real magnetometer schemes phase and intensity fluctuations are, however, correlated due to, e.g., ac Stark shifts ͑self-phase modulation͒, and thus the second term in Eq. ͑10͒ is in general nonzero. When the intensity-phase coupling is small, it can be characterized by a linear coupling coefficient ␤ in the form ⌬ϭ⌬ 0 ϩ␤⌬n, where ⌬ 0 denotes phase fluctuations not correlated to intensity fluctuations. Thus we find
͑11͒
The signal phase accumulated during the propagation through an atomic vapor cell is proportional to the Zeeman splitting ⌬ B , the length of the cell L, and the dispersion of the real part of the susceptibility at the laser frequency dЈ/d. The cell length is restricted by the absorption at the laser frequency, and a reasonable upper limit for L is the ͑amplitude͒ absorption length L abs ϭ(Љ/) Ϫ1 . Thus the maximum phase shift is
One recognizes, that the sensitivity of phase measurements to Zeeman shifts is determined by the dispersion-absorption ratio (1/Љ)dЈ/d. The limit for the smallest detectable Zeeman shift is therefore given by
Under the condition that the dispersion-absorption ratio is independent on the laser power, the r.h.s. of this expression is minimized when ͗⌬n 2 ͉͘ opt ϭ␤ Ϫ1 . Therefore there is an absolute lower limit or ''quantum limit'' of magnetic field detection via phase-shift measurements independent on the photon-number fluctuations
ͱ2␤.
͑14͒
The absorption-dispersion ratio of a magnetic resonance is usually given by its natural width, which can be rather small if a two-photon Raman process between Zeeman or hyperfine components is used as in an EIT magnetometer.
We will show later on that different measurement strategies, as well as the use of nonclassical light fields, in general do not improve this result.
V. EIT-BASED FARADAY MAGNETOMETER
Let us now discuss in detail an EIT magnetometer in resonant nonlinear Faraday configuration. For this we consider the propagation of a strong, linear polarized light field through an optically dense medium, consisting of resonant ⌳-type systems ͑atoms, quantum wells, etc.͒ as shown in Fig. 2 . For simplicity we ignore optical pumping into lower states other than those shown in the figure and assume a closed system. For a resonant Jϭ1→Jϭ0 transition ͑say͒, optical pumping into the lower m J ϭ0 state depletes both states m J ϭϮ1 in the same way and thus effectively diminishes the optical density but does not affect the signal. Symmetric repumping can be used to maintain the population in the relevant sub-system without affecting the detection scheme. We include a dephasing of the ground-state coherence with rate ␥ 0 and a population exchange rate between the ground states ␥ 0r .
The two circular components E Ϫ and E ϩ of the linear polarized light generate a coherent superposition ͑dark state͒ of the states ͉b Ϯ ͘ϵ͉Jϭ1,m J ϭϮ1͘. A magnetic field parallel to the propagation axis leads to an antisymmetric level shift of ͉b Ϯ ͘ and thus by virtue of the large linear dispersion at an EIT resonance to an opposite change in the index of refraction for both components. As a result the polarization direction is rotated, which is the so-called resonant nonlinear Faraday effect ͓12͔. The difference to the linear Faraday effect is the presence of the intensity-dependent dark resonance generated by the action of the strong laser field as opposed to a usual absorption resonance in the weak-field limit. The rotation of the plane of polarization at the output can be measured by detecting the intensity difference of two linear polarized components Ϯ45 o rotated with respect to the input polarization.
An aspect of the system, which becomes particularly important when strong fields are considered, are nonresonant couplings of the two circular components to other levels, which to lowest order give rise to ac Stark shifts of the states ͉b Ϯ ͘. In a Faraday configuration the ac Stark shifts of ͉b ϩ ͘ and ͉b Ϫ ͘ are exactly equal and opposite in sign due to symmetry and thus there is no average effect on the signal and no bias phase shift or rotation. Thus the Faraday magnetometer is not subject to systematic errors associated with ac Stark shifts. However, as mentioned before, ac Stark shifts cause a coupling between intensity and phase fluctuations, which need to be taken into account. 
A. Detection scheme
We here consider the detection scheme shown in Fig. 3 . A strong linear polarized field initially polarized in the x direction propagates through a cell of length L with the magnetooptic medium. Due to the nonlinear Faraday effect the plane of polarization is rotated by an angle /2.
In order to detect this angle the intensity difference of the two orthogonal output directions 1 and 2 is measured. The operator for the number of counts is given by
where Ê Ϯ denote the positive and negative frequency part of the output electric field operators, t m is the measurement time, and Cϭ2⑀ 0 cA/ប 0 , A being the beam cross section and 0 the resonance frequency. Making use of the field commutation relations
and ͓Ê 1 Ϯ ,Ê 2 Ϯ ͔ϭ0, we can express the mean number of counts as well as the fluctuations in terms of normal-ordered correlation functions. The latter allows to apply a c-number approach where the operators Ê are approximated by stochastic complex functions E ͗n ͘ϭ͗n 2 ͘Ϫ͗n 1 ͘, ͑16͒ ͗⌬n 2 ͘ϭ͗⌬n 2 ͘ϩ͗n 1 ͘ϩ͗n 2 ͘.
͑17͒
where n 1,2 follows from Eq. ͑15͒ by replacing the field operators by c numbers
In the usual configuration only the x-polarized component of the input field is excited and we will restrict the discussion to a vacuum input of the y polarized component. The propagation of the field through the magneto-optical medium is most conveniently described in terms of right and left circular components E Ϯ ϭ(1/ͱ2)(E x ϮiE y ), and we therefore have
The propagation of the circular components can be characterized by two parameters, the intensity transmission coefficient and the phase shift Ϯ (L,t) of the respective component at the output
In the limit of small magnetic fields the absorption of both circular components is identical for symmetry reasons, i.e., there is no dichroism. With this we obtain for cw input fields ͗n ͘ϭ͗n x ͘ in sin sig Ϸ͗n x ͘ in sig ,
͑21͒
where sig ϭ ϩ (L)Ϫ Ϫ (L) is the ͑stationary͒ signal phase shift. Similarly we can estimate the fluctuations in lowest order of the small rotation angle in the case of an initially coherent field
͑22͒
The first term corresponds to the vacuum noise level and the second term proportional to
describes fluctuations due to an intensity-phase-noise coupling in the medium, (͗a,b͘ϵŠ͓aϪ͗a͔͓͘bϪ͗b͔͘‹)
In the following we calculate the loss factor , the signal phase shift sig and the fluctuations ͗␦ 2 ͘ due to the intensity-phase-noise coupling for the EIT-Faraday magnetometer.
B. Medium susceptibility and field propagation
The stationary propagation of the right and left circular polarized electric field components through the atomic vapor is described by Maxwell equations in the slowly varying amplitude and phase approximation
N is the atomic number density, ဧ Ϯ are the dipole moments of the respective transitions, and bϮa are the c-number analogs of the atomic lowering operators bϮa ϭ͉b Ϯ ͗͘a͉. We calculate the stationary solutions of the Bloch equations by considering only the lowest order in ␥ 0 , ␥ 0r , ␦ 0 , and ␦ Ϯ . Furthermore, we assumed a small one-photon detuning ⌬. In this limit we find
͑29͒
where
Usually the coherence decay between the ground levels dominates the population exchange and thus ␥ 0 ӷ␥ 0r .
It is convenient to separately consider the spatial evolution of amplitudes and phases of the complex Rabi frequencies ⍀ Ϯ (z)ϭ͉⍀ Ϯ (z)͉e i Ϯ (z) . The intensities of the two fields are attenuated in the same way
where ϭ(3/4)N 2 . Equation ͑30͒ can be easily solved when the length L of the cell is small enough, such that ͉⍀(L)͉ 2 ӷ2␥␥ 0 . In the Faraday setup discussed here ⍀ Ϯ (0)ϭ⍀(0)/ͱ2, and therefore ͉⍀ Ϯ (z)͉ 2 ϭ͉⍀(z)͉ 2 /2. We thus arrive at
͑31͒
It is interesting to note that under conditions of EIT the residual absorption is not exponential but linear. The intensity transmission coefficient is then given by ϭ͑1Ϫ␣ 0 L ͒.
͑32͒
The approximation ͉⍀(L)͉ 2 ӷ2␥␥ 0 sets an upper limit for the losses, such that 1уӷ2␥␥ 0 /͉⍀(0)͉ 2 . Similarly we find the phase equations
The contributions from the one-photon detuning ⌬ cancel when the relative phase ϭ ϩ Ϫ Ϫ is considered
The first term describes the signal-phase shift due to a magnetic field and the second term the ac Stark contribution. Integration of Eq. ͑35͒ yields for the signal
and the ac Stark contribution
C. ac Stark shifts and associated noise
Let us now discuss the average ac Stark shift and the corresponding noise contributions. For this we first consider the effect of an off-resonant quantized field on the energy of a single atom in lowest nonvanishing order of perturbation. We then generalize the results for the average ac Stark shift and its fluctuations to an ensemble of atoms by making the physically reasonable assumption that ac Stark shifts of different atoms are uncorrelated.
We decompose the Hamiltonian of the single atom interacting with the quantized field in a rotating frame in the form HϭH 0 ϩH S , where H 0 is the unperturbed part
͑38͒
⌬ ab Ϯ ϭ ab Ϯ Ϫ 0 and ⌬ j ϭ c j b ϩ Ϫ 0 are the detunings of the ͉a͘Ϫ͉b ϩ ͘ and ͉c j ͘Ϫ͉b ϩ ͘ transitions,
describes the resonant and nonresonant couplings of the quantized fields to the atom. The nonresonant couplings to the excited states ͉c j ͘ cause ac Stark shifts. We here have assumed that both fields are nearly monochromatic and have set the energy of level ͉b ϩ ͘ equal to zero. ဧ jϮ are the dipole moments of the transitions ͉c j ͘→͉b Ϯ ͘.
We proceed by formally eliminating the excited states ͉c j ͘ by means of a canonical transformation in second-order perturbation H ϭexp͑S ͒H exp͑ϪS ͒ӍHϩ͓S,H͔ϩ †S,͓S,H͔ ‡, ͑40͒
where S obeys the equation
͑41͒
Under conditions of exact two-photon resonance for the fields we obtain the transformation operator
͑42͒
Assuming that the population of all excited levels is small, we eventually find for the transformed Hamiltonian
͑43͒
Let us assume now that ⌬ j is much larger than the natural width of the excited states, and therefore the population transfer due to the nonresonant coupling is negligible. We identify ͚ j ဧ jϮ 2 /⌬ j →ဧ 2 /⌬ 0 , where ⌬ 0 is some effective detuning. The dipole moments ဧ jϩ and ဧ jϪ have usually alternating signs for different excited states ͉c  ͘. We therefore set ͚ j ဧ jϩ ဧ j Ϫ /⌬ j ϭ0. Then the ac Stark shift of the single atom can be represented by the operator expression
where l specifies the atom and z l its location. Thus we find for the average ac Stark shift
Similarly we obtain for the second-order moments of the ac Stark shifts ͗x ,ŷ ͘ϵŠ(
͑47͒
or after normal ordering
͑49͒
The first terms in Eqs. ͑48͒ and ͑49͒ correspond to classical fluctuations, while the second term in ͑48͒ is vacuum or shotnoise. If the applied fields are in a coherent state only the shot-noise term survives. In any practical realizations there are however large excess noise contributions and the first terms are usually the dominant ones. We will show that all excess noise contributions are canceled in a Faraday magnetometer and only the vacuum contribution survives. We generalize the above single-atom results to an ensemble of atoms assuming independent fluctuations of the ac Stark shifts of different atoms, i.e.,
where ͕,͖͕ϩ,Ϫ͖. We introduce the continuous variable
In a continuum approximation, 
͑54͒
We here have used that in continuum approximation for any smooth function f (z) holds
It is now straightforward to evaluate the quadratic deviation of the relative ac Stark shift
We note that the classical excess noise contributions exactly cancel and only the vacuum contribution is leftover. Due to the intrinsic balancing in the EIT-Faraday magnetometer excess noise contributions are automatically canceled. This is an important advantage of the Faraday configuration as compared to the asymmetric EIT magnetometer discussed in ͓4͔ and ͓5͔. Using Eqs. ͑23͒, ͑37͒, and ͑56͒ we eventually find for the phase fluctuations due to ac Stark shifts
D. Signal-to-noise ratio and minimum detectable Zeeman shift
The minimum detectable Zeeman shift is obtained by setting the mean number of counts
equal to the quantum-mechanical uncertainty
͑59͒
This yields the signal-to-noise ratio ͓R(SNR)͔
which is maximized for an optimal power of the field corresponding to
Substituting the optimum Rabi-frequency ͑61͒ into ͑60͒ yields a maximum SNR for Ϸ0.06. Thus we find the quantum limit for the detection of Zeeman level shifts
is a numerical factor which varies between 1 and 2 for ϭ0.01-0.8. ͑Note that is the transmission coefficient under conditions of EIT. Without EIT the medium would be totally opaque.͒ In Fig. 4 we have shown the minimum detectable Zeeman splitting ͑proportional to the magnetic field͒ as function of the laser input power for different transmission coefficients. One clearly sees that for small laser powers shot noise is dominant, while for larger laser powers ac Stark-associated fluctuations take over. Also shown is the saturation behavior of an OPM ͓5͔. Due to power broadening the sensitivity of an OPM saturates as soon as the Rabi frequency reaches the value ͱ␥␥ 0 . In the EIT-Faraday magnetometer, on the other hand, the optimum Rabi frequency corresponding to the quantum limit is of the order of ͱ⌬ 0 ␥ 0 . Since ⌬ 0 ӷ␥, much higher sensitivities can be achieved here.
E. Compensation of ac Stark-associated noise by use of nonclassical input fields
It is well known that the effect of self-phase modulation due to refractive nonlinearities can be compensated, at least in part, by means of an optimum detection procedure ͑for example, by measuring not the phase, but an appropriately chosen quadrature amplitude of the probe electromagnetic wave͒ and/or by using nonclassical light ͓13,14͔. The properties of the input quantum state in the methods utilizing nonclassical light are thereby chosen such that after the interaction the probe wave is in the coherent or phase-squeezed state.
In the case of an optical magnetometer, ac Stark shifts appear due to nonresonant nonlinearities and it would seem that these shifts can in principle be compensated by an adapted measurement strategy and the use of nonclassical light. An essential condition for such methods is however that the system is nearly lossless in order to preserve the nonclassical state of light. On the other hand, as discussed above, the maximum signal in an optical magnetometer is achieved under conditions of substantial absorption. ͓We note that the SNR is proportional to ln() 2 .͔ We will show in the following with simple estimates that this feature makes it impossible to increase the sensitivity by using nonclassical light.
Let us consider the simplest example of compensation of ac Stark-associated noise by nonclassical light. We assume that the slowly varying field operators in the Heisenberg picture are represented in the form Ê Ϯ ϭ͗Ê ͘ϩê Ϯ , where ê Ϯ is the fluctuation part. To discuss the compensation of ac Stark effects let us disregard the resonant coupling with the medium and the associated absorption. Then we find that the field fluctuations at the end of the vapor cell can be written as
The second terms in these equations are due to ac Stark shifts. One can see that the uncertainty of the phase difference increases as a result of ac Stark shifts, which leads to the sensitivity restriction, discussed above. Let us assume now that the incident field is squeezed in such a way that the operators of the field fluctuations at the input obey the relations
Here ẽ Ϯ are free-field operators ͑the corresponding state is the field vacuum͒, which obey the commutation relations ͓ẽ Ϯ ϩ (t),ẽ Ϯ Ϫ (tЈ)͔ϭC Ϫ1 ␦(tϪtЈ) and ͓ẽ Ϯ Ϯ (t),ẽ Ϯ Ϯ (tЈ)͔ϭ0. Then, in the absence of losses, the effects of ac Stark shifts are completely compensated in the output and the output fields are coherent,
The sensitivity of the phase measurement would thus be determined by shot noise only, ⌬ϭ1/ͱ͗n͘. In the absence of losses, the sensitivity of the detection can even be better than the shot-noise limit, if the initial state of the field is appropriately chosen ͓14͔. Making use of a SU͑2͒ Lie-group description, Yurke showed that the sensitivity of a phase-shift measurement in a Mach-Zehnder interferometer can approach the so-called Heisenberg limit ⌬ Ӎ1/͗n͘, where ͗n͘ is the total number of registered quanta ͓15,16͔.
However, in the presence of losses resulting from the resonant coupling the noise compensation by means of nonclassical light is only partially due to unwanted noises added by the medium. Taking into account linear losses and assuming, that the entrance field is squeezed in the way discussed above, we can rewrite the equation for the residual noises in the phase as follows:
͑70͒
(z)ϭ1Ϫ␣ 0 z is the z-dependent transmission coefficient.
The expression indicates that for small losses in the medium, the noise can be almost completely suppressed. A maximum signal is achieved however when Ӷ1 and thus the use of nonclassical light only leads to a marginal reduction of the ac Stark-associated noise. This is in contrast to the measurement schemes discussed in ͓13,14͔, which utilize squeezing to improve sensitivity. The change of the expression for the ac Stark-associated noise leads to a change of the sensitivity factor f according to
.
͑71͒
It is easy to see that fӍ f for all relevant values of , which means that squeezing does not improve the sensitivity of the detection. The same conclusion can be drawn for any kind of optimal strategy of measurement to compensate ac Stark shifts. The main reason for this is that both the magnitude of the signal and absorption losses increase with the density-length product of the atomic vapor cell.
VI. SUMMARY
We have discussed the influence of ac Stark shifts on the sensitivity of optical magnetometers. We have shown that these shifts cause a broadening of the relevant resonances and give rise to additional noise contributions. In absorptiontype magnetometers, such as OPMs, the ac Stark-associated broadening as well as power broadening lead to a reduction of the signal. We have shown that the classical part of these effects can be completely compensated in an EIT magnetometer in Faraday configuration where polarization rotation or, equivalently, the relative phase shift of two circular components is measured.
In a magnetometer based on phase measurements ac Stark shifts lead also to a coupling between intensity and phase fluctuations. As a result there are additional ac Stark associated fluctuations that dominate over shot noise beyond a critical laser power. For a certain optimum intensity the fundamental signal-to-noise ratio attains a maximum value, which represents the standard quantum limit of optical magnetometer based on phase-shift measurements. This quantum limit is determined by the dispersion-absorption ratio of the atomic medium and the strength of the intensity-phase-noise coupling. The unique property of EIT is to provide a dispersion-absorption ratio, which is independent of power broadening and is given by the lifetime of a ground-state coherence. The minimum magnetic level shift corresponding to the quantum limit of EIT magnetometers can thus be orders of magnitude smaller than that of optical pumping devices.
We have shown that the best candidate to reach the standard quantum limit is a magnetometer in Faraday configuration, which has been analyzed in detail. In an EIT-Faraday magnetometer the signal reduction due to power and ac Stark broadenings is compensated by large densities of the atomic vapor. The influence of classical excess noise is completely eliminated due to symmetry and there are much less sources for systematic errors. We have also shown that the use of nonclassical light and different detection techniques only marginally improves the attainable sensitivity since a maximum signal is associated with substantial losses in the atomic medium.
